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ON THE INDEX OF PRINCIPAL FOLIATIONS OF SURFACES IN R3
WITH CORANK 1 SINGULARITIES

J. C. F. COSTA, L. F. MARTINS, AND J. J. NUNO-BALLESTEROS

ABSTRACT. It is well known that the index associated to the principal foliations at a cross-cap

point is % In this work we study the index for other corank 1 singularities from (R?,0) to

(R3,0) which either are simple or are non-simple but included in strata of A.-codimension
< 3. We show that the index, under certain conditions, is always 0 or 1, bearing out that the
Loewner conjecture could be true for all corank 1 singularities.

1. INTRODUCTION

The classical Loewner conjecture states that the index of the binary differential equation
(BDE) which represents the equation of the principal directions of a smooth immersed surface
in R? at an isolated umbilic point is always less than or equal to 1. The Loewner conjecture
is a stronger version of the famous Carathéodory conjecture, which claims that every smooth
convex embedding of a 2-sphere in R3 must have at least two umbilics. In fact, since the sum
of the indices of the umbilics of a compact immersed surface is equal to its Euler-Poincaré
characteristic (according to the Poincaré-Hopf formula) it follows that the Loewner conjecture
implies the Carathéodory conjecture, not only for a convex embedding of a 2-sphere, but for any
immersion. The Loewner conjecture is true in the analytic case (cf. [19, 30]) but the smooth
case is still open, as far as we know.

A natural question is whether or not the Loewner conjecture is still true when we consider
a singular surface parametrised as the image of a smooth non-immersive map germ
f: (R?,0) — (R3,0). In fact, if the non-immersive point is isolated then we have a well
defined BDE for the principal directions outside the origin and it makes sense to consider the
index of the singular point of the BDE. By definition, the corank of f is the dimension of the
kernel of its differential at the origin. When f has corank 2, then it is known that this conjecture
is false, since it is not difficult to construct a surface with an isolated singular point of index
two (see [11], Remark 4.7). However, we believe that if f has corank 1, then the index is always
less than or equal to one and hence, the Loewner conjecture is also true in this case. The main
purpose of this paper is to analyse many examples which support this conjecture.

The family of examples we consider here is taken from Mond’s classification in [23], where
he gives a classification under A-equivalence (that is, changes of coordinates in the source and
target) of all smooth germs f : (R?,0) — (R?,0) which either are simple or are non-simple but
included in strata of A.-codimension < 3. All map germs in this list have corank 1, so we can
use them to test our conjecture. Of course this list is far from being a complete classification,
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but they are the most natural examples to begin with the analysis. Our main result is that the
index, under certain conditions, is always 0 or 1 in all these examples (Theorem 3.4).
In final of the paper we also consider generic deformations of the singular surface. Let

fr: (R%,0) = (R3,0), € (—¢¢),

be a generic deformation of a corank 1 map germ f, i.e. fo = f, fx is generic for A # 0 and the
map (A, t) — fi(¢) is smooth. D. Mond showed in [24] how to count the number of cross-caps
in fy. Using his result, we estimate the number of umbilic points that appear on the image of
f in a neighbourhood of its singular point (Proposition 5.3).

Some references for index of BDE’s are [4, 6, 7, 8, 20].

2. SURFACES WITH CORANK 1 SINGULARITIES

We shall consider surfaces in R? defined as the image of a corank 1 smooth map f: U — R3,
where U is an open subset of R?. The differential geometry of singular surfaces has been an
object of interest in the past decades and it can be considered with different approaches (cross-
caps or Whitney umbrellas, cuspidal edges, swallowtails or more general types of fronts, etc.)
For example, see [3, 10, 14, 16, 17, 22, 25, 26, 27, 28]. See also [21], where the authors studied
in depth the geometry of surfaces in R3 with corank 1 singularities.

From the Singularity Theory point of view, if we are concerned in corank 1 map germs
(R%,0) — (R?,0) up to A-equivalence then we have a classification list given by D. Mond in
[23]. The Mond’s classification is summarized in Table 1 for either simple map germs or non-
simple but included in strata of A.-codimension < 3. When k is even, S’,j is equivalent to S, ,
and C’,j to C .

We recall that two map germs f,g : (R?,0) — (R?,0) are said to be A-equivalent, denoted
by f ~ g, if there exist germs of diffeomorphims & : (R?,0) — (R?,0) and & : (R?,0) — (R?,0)
such that ¢ = ko f o h~!. For more details about definitions and notations from Singularity
theory used in this work (such as, A.-codimension, simple germs, etc.), see [31].

Table 1: A-classes of corank 1 map germs (R?,0) — (R3,0) either
simple or non-simple but included in strata of A.-codimension < 3 (cf. [23]).

Germ Ac-codimension Name
(z,y°, xy) 0 Cross-cap (Sp)
(.9 y° a2 ly), k>1 k S
+

(z,y%, 2y £y° ), k> 2 k Bi
(z,y% 2y £ a*y), k >3 k Cy

(z, 9%, 2%y + ) 4 Fy

(z, 2y +y** 1, y%), k> 2 o k Hy,

3 .02 4
(x,xy—f—y,xy +ay )7047&0157135 3 P3

Surfaces in the same A-orbit clearly have diffeomorphic image but not necessarily they have
the same local differential geometry. So, we cannot take f as one of the normal forms in the
above table. We need parametrisations for corank 1 surfaces in R? obtained with changes of
coordinates at source and target which preserve the geometry of the image.

The geometry of singular surfaces parametrised locally by a germ of a smooth function .A-
equivalent to one of those in Table 1 is considered, for instance, in [10, 15, 26].

We summarize in the next result the partition of the set of all corank 1 map germs
f : (R%2,0) — (R3 0) according to their 2-jets under the action of the group A? (i.e., the
group of 2-jets of diffeomorphisms in the source and target). We denote by J?(2,3) the space of
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2-jets j2£(0) of map germs f : (R?,0) — (R?,0) and by X1.J2(2,3) the subset of 2-jets of corank
1.

Proposition 2.1. (Classification of 2-jets [23]) There exist four orbits in X*J?(2,3) under the
action of A2, which are

(x’ y27xy)’ (m?y2’0)’ (xﬂxy7 0)! (x’ O’O)‘

The following result gives relevant parametrisations for corank 1 surfaces in R? according to
the classification given in Proposition 2.1. The cross-cap case, that is, when 52 f(0) ~ (z,4?%, xy)
is done in [10, 32], and the case j2f(0) ~ (z,0,0) is not of our interest here because f is a non-
simple wich is included in a stratum of A.-codimension > 3.

Proposition 2.2. ([15]) Let f : (R?,0) — (R3,0) be a corank 1 map germ. Then, after using
smooth changes of coordinates in the source and isometries in the target, we can reduce j* f(0)
to the form

k k
1 b; . 1 Qij ;s
(1) (xuy) — €, §y2+2ﬁxl, §a20x2+ Z ﬁﬂyj )
=2 i+j=3 -
if 72£(0) is A-equivalent to (z,y?,0), or
b 1 Foag
(2) (2,) = | @, ay+) 5y’ Sawe®+ Y |
i=3 i+j=3

if 52f(0) is A-equivalent to (z,zy,0), where b;,a;; are constants.

Let f : (R%,0) — (R3 0) be a map germ of corank 1 and let j¥f(0) be given by (1) in
Proposition 2.2. Then, the conditions for f to be A-equivalent to Sk, By, Cy or Fy are as follows
(see [15, 26)):

St aoz # 0,a21 # 0,
Sk>2: ap3 #0,a21 =+ = ar1 = 0,a,41)1 # 0,
B2 . aps = 0, a1 7é O7 3a05a21 — 5(1%3 75 O,
(3) BkZS : aps = 0, a21 7é O, 3(1050,21 — 5a%3 = 0,
53:.“251’671:075]6#07
Ck>3: ap3 =0,a21 =+ =ag_1)1 = 0,ar1 # 0,a13 # 0,
Fy: agz = 0,a21 = 0,a31 # 0,a13 = 0,a05 # 0,

where &, depends on the (2m+1)-jet of the third component of (1) in Proposition 2.2 (see [15]).
If f is such that the j*f(0) is given by (2) in Proposition 2.2, then the conditions for f to be
A-equivalent to Hy or P3 can be deduced in a similar way (see for instance [26]). In particular,
we distinguish between the Hj and Pj singularities by looking at the coefficient ag3. We have:
Hi>2: a3 #0,
(4) P3 : aps = 0.
In order to characterize completely the Hy and P5 singularities some more conditions are
necessary (see [26]). Since these other conditions are not used here in our calculations, we will
omit them except for the condition ags—3a12b3 # 0 for P3-singularity which we show now. In fact,

let f be A-equivalent to Ps. We compute the double point curve of f(x,y) = (x, p(z,v), ¢(z,v)),
which is defined by equations:

p(x,y) —ple,w) _ q(@,y) — q(z,u)
y—u Y—u

=0.
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This gives us the two following equations:

24z + 4bs(u® + uy + v?) + ba(u® + vy + uy® + ) + h.o.t. =0,

aos(u® +uly +uy? +y3) + 4warz3 (v 4+ uy + y?)

+ 6x(agex + 2a12)(u +y) + 12a9122 + 4as12® + h.o.t. =0,
where h.o.t. means “higher-order terms”.
Now, using the first equation to eliminate the variable x, one obtains a curve in the plane
(y,u) which is isomorphic to the double point curve:
W = 1/24(u + y)(aos(u® + ) — 2a12b3(u* + uy +y*) + h.o.t. = 0.

We know from [24] that if f is A-equivalent to P, then the Milnor number of W at the
origin must be equal to 4. This implies that W is 3-determined and thus, its 3-jet has to be
nondegenerate. In other words, the discriminant of j3/(0) must be different of 0, that is,

(aps — 3ai2b3)(aps — aizbz) # 0
holds. In particular, agy — 3a12b3 # 0.

3. INDEX OF LINES OF CURVATURE

Let f: U C R? — R3 be a smooth map given by f(z,y) = (f1(x,y), f2(z,y), f3(z,y)). The
first and the second fundamental forms for f are given, respectively, by

I = Eds? +2F dxdy+ Gdy?> and II = Ldx®+ 2M dxdy + N dy?

where

E:<f$af$> ) F:<fx7fy> ’ G:<fyvfy> )

_ det(fwafyvfmz) M= det(fzafyafacy) N = det(fo;vfyafyy)

VEG-F? '’ VEG-F? '’ VEG-F?2 '’
and the subscripts denote partial derivatives. It follows that L, M, N are only defined if the
denominator does not vanish; that is, at the regular points of f because EG—F? = || f, x f,|| # 0
only in these points. For situations which include the case where f may have singularities, we
can define

(5) L/:det(fxafy7fzz) y M/:det(fmfyvfzy) 5 N/:det(fmfyvfyy) 5

and work with this functions instead of L, M, N.
We recall that umbilics points are regular points of f in which the second fundamental form
is proportional to the first. Then, the rank of the matrix

(558

is not maximal either at an umbilic or at a singular point of f.

Suppose that (z,y) is a regular point of f which is not umbilic. Then the principal directions of
f at (x,y) are defined as the directions determined by the eigenvectors of the second fundamental
form at (z,y). The equation of the principal directions of f is given by the binary differential
equation (BDE)

(7) (FN' — GM') dy? + (EN' — GL') dzdy + (EM' — FL')da® =0 .

L

Thus, the principal directions define a pair of orthogonal line fields on the surface, which are
singular either at an umbilic or at a singular point of f.
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The equation (7) can be seen as a particular case of a positive quadratic differential form
(PQD) on M = f(U) in the sense of [13], that is, as a quadratic differential form w such that for
every point p in M the subset w(p)~!(0) of the tangent plane T,M of M at p is either: (i) the
union of two transversal lines (in this case p is called a regular point of w), or (ii) all T,M (in
this case p is called a singular point of w). In local coordinates (z,y), a PQD form is given by

(8) w = A(z,y)dy* + B(z,y)dzdy + C(x,y)dz?,

where A, B,C are smooth functions, called the coefficients of the PQD, such that
B? —4AC > 0. Because (8) is a PQD, B? — 4AC = 0 if and only if A = B = C = 0
([13]). The points where A = B = C' = 0 are the singular points of w and the set

A ={(z,y) € U; B> — 4AC(z,y) = 0}

which is called the discriminant of the PQD coincides with its singular set. (For a general
quadratic differential equation which is not necessarily a PQD, the discriminant A is different
from the set of singular points of the equation; see for example the survey paper [29].)

Therefore, if w is the PQD (7) associated to f then (z,y) € A if and only if (x,y) is an
umbilic or singular point of f (and hence a singular point of w), which can be easily seen from
the matrix (6). Then, all important features of the equation (8) occur on the discriminant.
Taking an isolated singular point p of w, we can consider the index at p associated with any of
the lines of principal curvature determined by w, which is denoted in the literature by ind(w, p)
but we shall denote here by indp(f,p) in order to specify f and with P indicating principal,
as a reference for the equation (7). This means the number of turns of the line field when we
run through a small circle centered at p. For instance, we can easily to compute the index
of the three types of generic umbilics classified by Darboux (see, for instance, [2, 9, 12, 14]):
the lemon (or D;), the monster (or D3) and the star (or Ds), which are 1/2, 1/2 and —1/2,
respectively. Moreover, from the description for the principal lines at a cross-cap point p of f,
whose configuration can be found in [12], for example, we deduce that the index indp(f,p) is
1/2 (see Figure 1).

F1cURE 1. From left to right: configuration of integral curves of the principal
directions at generic umbilics D1, Do and D3, and of the principal lines at a
cross-cap point of f, W.

In order to consider the index indp(f,p) it is necessary to have p as an isolated singular point
of w (for example, we should eliminate the possibility of the existence of a sequence of umbilic
points on the smooth part of the surface that converges to p). We shall consider this question.
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For this, we use the following lemma which shows that the index of an isolated singular point of
a PQD is related to the mapping degree, given in terms of the coefficients of w.

Lemma 3.1. ([18], Part 2, VIII, 2.3) Let p be an isolated singular point of the positive quadratic
differential form w = A(x,y) dy? + B(z,y) dedy + C(z,y) dz®. Then,

ind(w, p) =~ deg((4, B),p) = — 3 deg((B,C), )

where deg((A, B),p) and deg((B,C),p) denote the mapping degrees of the maps (A, B) and
(B, C), respectively, at p.

Let h : (R",0) — (R™,0) be a continuous map such that 0 is isolated in ~~1(0). The degree
deg(h,0) of h at 0 is defined as follows: choose a e-ball B? centered at 0 in R™ so small that
h=1(0)N B? = {0} and let S”~! be the (n — 1)-sphere centered at the origin of radius e. Choose
an orientation of each copy of R™. Then the degree of h at 0 is the degree of the mapping
ﬁ 0 §n=l 5 gn=l (§n=1 C R™ is the unit standard sphere), where the spheres are oriented
as (n — 1)-spheres in R™. If h is differentiable, this degree can be computed as the sum of the
signs of the Jacobian determinant of h (i.e., of its derivative) at all the h-preimages near 0 of a
regular value of h near 0.

We also recall that h : (R*,0) — (R",0) is a quasi-homogeneous map germ with weight
a=(a1,...,a,) € N® and quasi-degree d = (dy,...,d,) € N if

h,‘()\all‘l, /\“2332, ey /\a".l‘n) = )\dihi(l‘l, o, ... ,Jin)
for each ¢ = 1,2,...,n and all A > 0. We say that a smooth function has quasi-order m if
all monomials in its Taylor expression have quasi-degree greater than or equal to m. We say
that h is a semi-quasi-homogeneous map with weight a and quasi-degree d if h = g + G with
g a quasi-homogeneous map germ with weight a and quasi-degree d such that 0 is isolated in
g~ 1(0), and each component G; of G has quasi-order greater than d;, i = 1,2,...,n.

The following theorem shows that for semi-quasi-homogeneous map germs, the degree at a
zero coincides with the degree at this zero of its quasi-semi-homogeneous part.

Theorem 3.2. ([5]) With the above notations, let h = g+ G be a semi-quasi-homogeneous map
germ. Then 0 is isolated in h=(0) and

deg(h,0) = deg(g,0).

Before giving the results about the index of the lines of curvature for a corank 1 surface, we
present an illustrative example explaining all our calculations.

Example 3.3. Let Sf-standard be the map germ given by (z,y?,y> + 2%y) as in Table 1. The
coefficients of its first and second fundamental forms are, respectively:

E=1+42%° F =2zy(2®+3y?), G =4y>+ (2 +3y%)?
and
L' =4y M =4zy, N' =—22%+6y°
Let Ady? + Bdxdy + Cdx? = 0 the BDE of the principal directions of Sf‘ -standard. Then,
from (7) we have that

A= —8x%y—1621y> — 24233, B = —222+6y* —122%9% — 16y* —36y°, C = day+8x3y> — 24xy°.
Consider the map germ h = (B,C) : (R?,0) — (R2,0) given by h = g + G taking
g(z,y) = (=222 + 6y°, 4oy) and G(z,y) = (—12z*y? — 16y* — 36y5, 823y> — 24x9°).
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In this case, g is a homogeneous map germ, 0 is isolated in g—1(0) and each component G; of
G has quasi-order greater than 2. Then, by Theorem 3.2, the degree of h in O coincides with the
degree of g in 0. It is easy to calculate the degree of g in O, which is -2. Hence, by Lemma 3.1,
the index of the BDE associated to Si -standard is 1.

The case Sy -standard is analogous. Repeating this same sketch of calculations, we can con-
clude that the index of the BDE associated to Sy -standard is 0. Figure 2 shows Sy and S -
standards surfaces with their lines of curvatures.

FIGURE 2. Standards Sf and S| surfaces and their lines of curvature.

In Proposition 2.1 are listed four orbits in ¥'J2(2,3) under the action of group A%, with
the first one corresponding the known case of the cross-cap (cf. [10, 32]) and the fourth orbit
listed corresponding to a non-simple germ wich is included in a stratum of A.-codimension
> 3. Then it is just remaining to consider two cases in the 2-jet classification: (z,y?,0) and
(z,zy,0). The next theorem complete the study of the index of an isolated singular point of a
BDE which represents the equation of the principal directions of a corank 1 simple map germ
f: (R%,0) — (R3,0) or non simple but in strata of A.-codimension < 3.

Theorem 3.4. Let f: (R%,0) — (R3,0) be a corank 1 simple map germ or non-simple strata
of Ac-codimension < 3. Consider j* f(0) as in Proposition 2.2. If a2y — as1ag3 # 0 then 0 € R?
is an isolated singular point of the BDE associated to f given in (7) and
0 Zf as1ap3 < 0
ind'p(f, 0) = 0 if Q%Q > a21003
1 Zf CL%Q < a21a03

if 72 £(0) has type (z,y?,0) and
il’ldp(f, 0) =

if 72f(0) has type (x,xy,0).

Proof. Under hypothesis, we just need to consider map germs which are A-equivalent to one of
those given in Table 1 and such that the 2-jet has the type (z,y?,0) or (z,zy,0). We divide the
proof in three parts. In all of them, we start with the following procedure:

Given f : (R?,0) — (R?,0), we first calculate the coefficients E, F,G, L', M', N’ associated
to f; second we get the BDE expression of the principal directions of f given by (7), denoted
here by Ady? + Bdxdy + Cdxz? = 0.

These calculations can be done quickly using for instance the Mathematica software. Thus,
they will be omitted here.

0 if anaps3 <0
1 Zf asiagz > 0
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Part 1. j2£(0) ~ (z,%2,0).

e Consider f A-equivalent to S; given in Table 1 (this means f is A-equivalent to Sf‘ or
S7). The conditions on the coefficients of a S;-singularity are ags # 0 and as; # 0. We use the
same procedure given in Example 3.3. After calculating the coefficients of the first and second
fundamental forms associated to f and getting the BDE expression of the principal directions of
f, let us take the semi-quasi-homogeneous map h = (B, C) : (R?,0) — (R?,0). So, in this case
we can consider h = g + G, where

a21

a
g(z,y) = (—7x2 + %yz’ a21zy + a12y°)

is quasi-homogeneous (in fact homogeneous) and G has higher order terms. We call resultant
of g to the resultant of the two components of g (with respect to one of the variables). The
resultant of g is given by the expression a?, — az1aoz (which is not zero by hypothesis) then we
can conclude that 0 is isolated in g~*(0). Therefore, by Theorem 3.2, 0 is isolated in A~1(0) and
the degree of h in 0 coincides with the degree of g in 0. Now we apply Lemma 3.1 to calculate
the index indp(f,0). To do this, let us calculate the degree of g at 0. Since aps, a1 # 0, it may
occur:
(1) as1ap3 < 0 or (ll) as1ap3 > 0.

Taking the following change of coordinates in the source of g

X = ao1x + a2y
Y=y

it holds that

1
g~ (7E(X2 —2a192 XY + (052 - a21a03)Y2),XY).

Taking now the change of coordinates in the target kq(u,v) = (—2ag1u,v), we have
g~ (X? —2a12XY + (a3y — az1a03)Y?), XY).
After one more change of coordinates in the target given by ko(u,v) = (u + 2a12v, v), it holds
that
g~ (X?+ (afy — az1a03)Y?, XY) = §(X,Y).
Due the previous change of coordinates, it follows that
deg (9,0) = —sgn(2X? — 2(at, — azag3)Y?) deg (g, 0),

where sgn denotes the sign of a function.

If agiap3 < 0 then a3y — agiaps > 0. So, g is not surjective and thus deg (§,0) = 0. Hence
deg (g,0) = 0 and thus indp(f,0) = 0.

If agiagz > 0, we have two possibilities: a2, > asj1ap3 or a2y < asiaps. If a2y > asjaps then
a3y — agrapz > 0 and as already done, indp(f,0) = 0. If a2, < aziapz then a3y — aziaps < 0. In
this case, the Jacobian determinant of g is equal to

2X2 2(&%2 — a21a03)Y2 >0

for any (X,Y).

Taking any regular value of g, there always exist two g-preimages for which the signs of the
Jacobian determinants are 1. Hence deg (g,0) = 2, which implies that deg (¢g,0) = —2 and thus
indp(f, 0) =1.

e Consider f A-equivalent to Sy given in Table 1, for any k& > 2. By conditions on the
coefficients of a Si-singularity given in (3) and by hypothesis a2, — as1ap3 # 0, one has that

a2 # 0.
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We reproduce the same steps as in the previous case. From the coefficients B and C of (7) for
f, we can take, for all k& > 2, the semi-quasi-homogeneous map h = (B,C) : (R?,0) — (R? 0)
given by h = g + G, where

A(k+1)1 a
(9) g(w,y) = (— (k(:f),:c’““ + 50 a1zy2>

is quasi-homogeneous and G has higher-order terms. In the expression of the resultant of g
appears just ajs, which is not zero in this case. Therefore, for all k¥ > 2, the map germ ¢ in (9)
is clearly not surjective and hence its degree is 0. By Theorem 3.2, deg(h,0) = deg(g,0) = 0.
As consequence, by Lemma 3.1, the indp(f,0) = 0.

e Consider f A-equivalent to By given in Table 1, for any k& > 2. A Bj-singularity is
characterized by conditions which appear in (3). Since ags = 0, the general hypothesis reduces
to a12 # 0. We proceed in the same way as in the previous cases, following the same steps.

In this case, for all k£ > 2, we can take the semi-quasi-homogeneous map

h=(B,C): (R?0)— (R?0)

given by h = g + G, where

1
(10) g(z,y) = (—2G21$2, amy2 + a2133y>

is homogeneous and G has higher-order terms. The resultant of g is given by a3yas; which is
not zero. Therefore, for all k > 2, the map germ g in (10) clearly is not surjective and hence its
degree is 0. Then, again we have that indp(f,0) = 0.

e Consider f A-equivalent to Cj given in Table 1, for any k > 3. A Cj-singularity is charac-
terized by conditions

aps = 0, a1 = Q31 = -+ = a(k_l)l = 0, Akl 7& O and a13 7& 0

Then, the general hypothesis again reduces to a2 # 0. Proceeding in the same way as in the
previous cases, for all k > 3, we can take the semi-quasi-homogeneous map

h=(B,0): (R?*0) — (R? 0)
such that h = g + G, where

1
(11) g(z,y) = (—k,akwk,am?f) )

is quasi-homogeneous and G has higher-order terms.

In the expression of the resultant of g just appears ai2, which is not zero. Therefore, for all
k > 3, the map germ g in (11) clearly is not surjective and hence its degree is 0 from which one
concludes that indp(f,0) = 0.

e Consider f A-equivalent to Fy given in Table 1. The Fy-singularity is characterized by
conditions

ag3 = az1 = a13 = 0,a3; # 0 and ags # 0.

Then, the general hypothesis again reduces for aio # 0. In this case, we can take the semi-

quasi-homogeneous map h = (B, C) : (R?,0) — (R?,0) given by h = g + G, where

1
(12) g(xay) = <—60311‘3,a12y2)

is quasi-homogeneous and G has higher-order terms.
The resultant of ¢ is given by a;2 which is not zero. Therefore, the map germ ¢ in (12) is also
non surjective and hence its degree is 0. Thus indp(f,0) = 0.
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Part 2. j2f(0) ~ (z,2y,0) and f is a simple map germ.

In this case f is A-equivalent to Hy given in Table 1, with k& > 2. We have already seen in
Section 2 that a necessary condition to Hg-singularity occurs is ags # 0.

In this case, we can take the semi-quasi-homogeneous map h = (B,C) : (R?,0) — (R?,0),
h = g+ G, where

1 1
(13) 9(93, ZJ) = (6112»732 + aoszy, §Cl21£132 - 261031/2)

is homogeneous and G has higher-order terms.

The resultant of g is given by the expression —a2s(a?, — as1ag3), which is not zero. Then 0
is isolated in g~1(0).

Consider the following change of coordinates in the source of g:

X=zx
Y = a27 + apsy -

Then
1
g~ (X}/’ ﬁ (—(a%z - aglaog)XQ + 2a12XY - Y2)> .
03

Taking another change of coordinates k;(u,v) = (u, 2a93v), now in the target, it holds that
g~ (XY, —(a3y — a21a03) X* + 2412 XY — Y?).
After one more change of coordinates in the target given by ka(u,v) = (u,v — 2a12u), we have
g~ (XY, —(a}, — az1a03)X? + 2412 XY — Y?) = §(X,Y).
Due the previous changes of coordinates applied in g, it follows that deg (g,0) = deg(g,0),
which does not depend on the sign of ags.

If a2, — az1a03 > 0 then § is not surjective. In fact, take for instance (0,¢) € R? e > 0 small
enough. Then there is not (X,Y") such that §(X,Y) = (0,€). Suppose by absurd that

XY =0 and — (a2y — ag1a03) X% + 2412 XY - Y? = c.

From the first expression, X = 0 or Y = 0. If X = 0, then the second equation reduces
to —Y? = € > 0. Otherwise, if Y = 0, then we obtain —(a3y — az1a03)X? = € > 0 while
(afg — a21a03) > 0.

Thus, g is not surjective and deg (§,0) = 0 = deg (g,0). Hence, indp(f,0) = 0.

If a5 — ag1a03 < 0, the Jacobian determinant of § is equal to

—2Y2 + 2(@%2 — agla(]g)X2 < 0.
For any regular value of g, there always exist two g-preimages for which the sign of the

Jacobian determinants of § are —1. Hence deg(g,0) = —2, which implies that deg(g,0) = —2
and thus indp(f,0) = 1.

Part 3. j2f(0) ~ (z,2y,0) and f is a non-simple strata of A.-codimension < 3.

In this case f is A-equivalent to Ps given in Table 1. We have already seen in Section 2 that
necessary conditions to Ps-singularity occurs are ags = 0 and apg — 3a12b3 # 0.
In this case, we can take the semi-quasi-homogeneous map h = (4, B) : (R?,0) — (R?,0)
given by h = g + G, where
1 9 1 1 3 9
g(x,y) = | samz” + | —Zaos + sa12b3 | y°, a9z ),
2 6 2
is quasi-homogeneous with weight (3,2) and quasi-degree (6,6) and G has only higher-order
terms. Moreover, since a1z # 0 and ags —3a12b3 # 0, the resultant of g given by a3, (ags—3a12b3)>
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is not zero. Therefore g~(0) = 0. In particular, h is semi-quasi-homogeneous and deg(h) =
deg(g) = 0 because ¢ is not surjective. So, indp(f,0) = 0. O

From Theorem 3.4 it holds that:

Corollary 3.5. Let f be a map germ in the A-class of one of the map germs given in Table 1,
with j* f(0) as in Proposition 2.2. Suppose that ay — aziags # 0.

(i) If f ~ ST or Hy then indp(f,0) =0o0r1.

(ii) If f ~ Si&y, Bif,CFF, Fy or Ps then indp(f,0) = 0.

Remark 3.6. It follows from Theorem 3.4 that for any corank 1 map germ f satisfying its
hypothesis, the singularity of the BDE of the principal directions of f is an isolated point, i.e.
there is mot sequence of umbilic points on the smooth part of the surface that converges to the
singular point of the surface.

4. GEOMETRIC INTERPRETATION OF THE CONDITION a%, — asjag3 # 0

Let f: (R?,0) — (R3,0) be a corank 1 map germ whose 2-jet has A2-type either (z,y?,0) or
(z,zy,0). We want to analyze the circles which have a special contact with f at the origin. To
do this, we need to look at the singularity type of the contact map germ Cy 4, : (R?,0) — (R2,0)
given by

Cuu(@,y) = ({(f(2,9),v), | f(2,y) —u|* = u?),

where v,u € R?, ||v|| = 1 is the unit normal vector of the circle and u is its centre. Note that
the first component is nothing but the height function which measures the contact of f with the
normal plane to v and the second component the squared distance function which measures the
contact of f with the sphere of centre u.

In order to consider the desired contact we use the umbilic curvature, the binormal and
asymptotic directions defined in [21], which are related to contact properties of the surface given
by f with planes and spheres. The umbilic curvature s, is an important second-order invariant
of the f: when it is non-zero, then 1/k,, is the radius of the unique sphere with umbilical contact
(that is, contact of type ¥%? in Thom-Boardman terminology) with the surface at the singular
point. See [21] for details.

We recall that a map germ g : (R?,0) — (R?,0) has type ¥%! if and only if its 2-jet is
equivalent to (z2,0).

Lemma 4.1. Let f : (R%,0) — (R3,0) be a corank 1 map germ with 5% f(0) as in Proposition
2.2 and with non-zero umbilic curvature K, at the origin.
(i) If 52£(0) ~ (z,y%,0), there are exactly two circles with contact of type X*1 with f at the
origin, given by u = (0,0,1/as) and v = (0,0,1) or v = (0, —asg, b2)//a, + b3.
(i) If j2£(0) ~ (x,2y,0), there is exactly one circle with contact of type %' with f at the
origin, given by u = (0,0,1/as) and v = (0,0,1).

Proof. Notice that the circle determined by u, v has contact of type 2! if and only if the sphere
of centre u has umbilical contact and the plane normal to v is binormal (i.e., it has a degenerate
contact ¥%1). Then, our results follow from the analysis of contacts with spheres and planes in
[21], where the umbilic curvature at the origin is £, (0) = |azo]- O

We observe that if j2f(0) ~ (z,32, xy) then there is not circle with contact of type ¥2! with
f at the origin (because there is not sphere with contact of type ¥2:? with f, see [21] for details).
The circles with contact of type £2! with f given in the above lemma will be called %! -circles
for simplicity.
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Definition 4.2. Let g : (R?,0) — (R2,0) be a map germ of type ¥>!. We say that g is
Y21 _generic if it is A-equivalent to a finitely determined map germ of the form

(22, cox® + 312y + 3caxy® + c3y®),
for some cg, ¢1,co,c3 € R.

Remark 4.3. It follows from the definition that if 72g(0) = (22, cox® + 3122y + 3cazy?® + c3y3),
then a necessary condition for g being ¥%'-generic is that ¢3 — cic3 # 0. In fact, a necessary
condition for finite determinacy for map germs (R?,0) — (R?,0) is that its Jacobian determinant
has to be non-degenerate. A simple computation shows that the Jacobian determinant of j3g(0)
is 6z(c12? + 2comy + c3y?), so we must have c3 # 0 and c3 — cic3 # 0.

Corollary 4.4. Let f: (R?,0) — (R3,0) be a corank 1 map germ with j* f(0) as in Proposition
2.2 and with non-zero umbilic curvature k, at the origin. Assume that the £ -circles of f have
%21 generic contact. Then, a3y — aziagz # 0.

Proof. 1t is easy to show that for u = (0,0,1/as) and v = (0,0, 1), we have:

. 1 1
72Cy u(0) = <2020x2, —ﬁ(a:ﬁoﬂfg + 3a212°y + 3apzy® + a03y3)> .
20

When j2f(0) ~ (x,y?,0) and we consider u = (0,0,1/as) and v = (0, —asg, ba)/+/a, + b2,
we get

jgcv,u(()) - <

1 1
*ﬁazoya *7(6130553 + 3az12%y + 3ar2wy® + 00393) .
2\/a3, + b3 3a20

So the result follows from Remark 4.3.

5. UMBILICS AND CROSS-CAPS OF GENERIC DEFORMATIONS

Let f: U C R? — R3 be a smooth map. It was shown in [12] that f is principally structurally
stable at an umbilic point if and only if it is one of the Darbouxian umbilics D;, i = 1,2,3 (see
also [2]). Furthermore, the unique stable singularity for f is a cross-cap point.

The map f is said to be generic if the ulfoldings

DiR XU BOXR,  (u(5,) = (0 du(e,0)), duleg) = 3 (y) - ul?

and
H:S*xU— S*xR, (v,(z,y) = (v, hv(z,9)), hy(z,9) = (f(2,9),V)

are generic in the Thom-Boardman sense (see [11] for details). So, if the map f is not generic,
we can take a generic deformation fy : Uy C U — R3, X\ € (—¢,¢), of f, ie. fo = f, fi is
generic for A # 0 and the map (\,t) — fi(¢) is smooth, and the index indp(f,p) is equal to
(D1 + Dy — D3 +W)/2, where Dy, Do, D3 also denote the number of umbilics of each type and
W the number of cross-caps points that appear in fy near p, for A # 0 small enough.

When f : (R%,0) — (R3,0) is a corank 1 map germ and fy, A € (—¢,¢), is a generic
deformation of f, D. Mond showed in [24] how to count the number of cross-caps in f). More
precisely, it is showed the following possibilities for W in f) according the A-types of f given in
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Table 1: - o

£ s _ 2n;n=0,1,..., %~ if k£ is odd
Sy k21 w 2n+1;n=0,1,...,% ifkiseven
BE Hpk>2: W=0,2

2n+1;n=0,1,..., 51 if kis odd
+ >3- _ ) s Ly I
Civk 23 w 2n;n=0,1,...,% if k is even
F4,P32 W:1,3

As an immediate consequence of this, we obtain some information about the number of umbilic
points in fy. In fact, this number is equal to Dy + Dy + D3 = 2(indp(f,0) + D3) — W. So, if
W is even (respec. odd), the number of umbilic points that appear in f is even (resp. odd).
Consequently, we have:

Lemma 5.1. Let f : (R?,0) — (R®0) be a corank 1 map germ simple or non-simple but
including in strata of A.-codimension < 3. If fy : (R?,0) — (R3,0) is a generic deformation
of f then the number of umbilic points that appear in fx near 0, for A\ small enough, is:

(i) even if f ~ Si (with k odd), Bif, Cif (with k even) or Hy;

(il) odd if f ~ S (with k even), Cif (with k odd), Fy or Ps.

We shall give more precise information about the number of umbilic points in f). Before
stating the result and proving it, we need recall some facts about multiplicity for special types
of singular points of a map.

Given a smooth map germ f : (R?,0) — (R3,0), we say that 0 is a 2-rounding of f if 0 is
either a 2-flattening (that is, there is a unit vector v € R3 such that 0 is a singularity of type
%22 of hy) or a non-flat 2-rounding (that is, it is not a 2-flattening and there is u € R?® such
that 0 is a singularity of type X%2 of d,). It is known that a regular (resp. singular) point of f
is a 2-rounding if and only if it is an umbilic point (resp. it is not a cross-cap point). See [11]
for details. So, since a generic deformation of f only has umbilics of type D;, ¢ = 1,2,3, and
cross-caps, and since cross-caps are not 2-roundings, then in order to estimate the number of
umbilic points in fy it is enough to estimate the number of its 2-roundings, which is denoted by
’I’LR(f,\7 0)

The number ng(fy,0) is related with the multiplicity of 0 as a rounding of f, ur(f,0), as
follows:

nR(f)nO) SuR(fao) and nR(fAvo) E;“’R(fvo) (m0d2)7
for A small enough, if ug(f,0) is finite (see Theorem 2.9 of [11]), where
_ C=(R?,0)
pr(f,0) = dimp ————=,
0 R(7.0)
with C°°(R?,0) being the ring of germs at 0 of smooth real-valued functions on R? and R(f,0)
the ideal generated by the germs at 0 of the 4-minors of the matrix given by

fi.  Ja.  Js.
fi,  fo,  fs,
Jrow  J20e J30a
Jroy  J2uy,  T3.,
flyy f27/7/ fSUU
where f = (f1, f2, f3). See [11] for details.
We also recall that if A : (R™,0) — (R™,0) is a smooth map germ with 0 isolated in h=1(0),
then the multiplicity w(h,0) of h at 0 is defined by

C>(R",0)
() -

QT o o
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where (h) is the ideal generated by the components of h. It is known that p(h,0) is the number
of complex h-preimages near 0 of a regular value of h near 0. If h = (hq,...,h,), with each
h; being a homogeneous polynomial such that 0 is isolated in h=1(0), it is well known that
w(h,0) = dy ---d,, where d; is the degree of each h;. On the other hand, writing h = g + G,
where g = (¢1,...,9n) Wwith g; being the first non-zero jet of h;, then u(h,0) = u(g,0), if 0 is
isolated in g~1(0). When 0 is not isolated in g~(0) in the above construction, we can take a
suitable selection of weights associated with any variable in order to make possible a different
decomposition h = ¢’ + G’ satisfying u(h,0) = u(g’,0). In fact, it is valid the same statement of
Theorem 3.2, with multiplicity instead of index (see Remark 3.1 of [5]). Furthermore, one shall
use the following result:

Proposition 5.2. ([1, 5]) Using the above notations, let h = g+ G be a semi-quasi-homogeneous
map germ with weight a = (a1,...,a,) and quasi-degree d = (di,...,dy). Suppose that
w(h,0) < co. Then
dy---d,
al e a,n '

Let us denote by X' D; the number of umbilic points of fy, that is, X D; = Dy 4+ Do + D3. So,
one gets the following result:

u(h,0) = u(g,0) =

Proposition 5.3. Under the same assumptions in Theorem 3.4, if the umbilic curvature of f is
non-zero at the origin and fy is a generic deformation of f, then the number of umbilic points
of fx, for A small enough, if finite, satifies:

(i) f ~ Si Jk>1: YD; <k+1 with ¥D; = k4 1 (mod 2).

(i) f i Jk>3: YD; <k with ¥D; = k (mod 2).

(iii) f Bk or Hy,k>2: XD; =0 or2.

(iv) f~Fy or P3: ¥D; =1 or3.

Furthermore, D3 > W when indp(f,0) =0, and D3 > % when indp(f,0) = 1.

Proof. We shall count the number ng(fx,0) of 2-roundings of fy. Let us take f = (z, fa2, f3) as
in Proposition 2.2.

Since f is not a cross-cap and k,,(0) = |azo| # 0, it follows from Corollary 2.17 of [21] that O is
a non-flat 2-rounding of f. From [11] we conclude that R(f,0) = (P,, Py, if j2f(0) ~ (z,y2,0)
and R(f,0) = (P, Py,) if j2f(0) ~ (z,zy,0), where

fe O fo O fo O
_| e E | fy O | fy 0
I A o R A
foy G foy G foy F
Let h: (R?,0) — (R?,0) given by h = (P, Pyy) or (P, P,,). Then
C>(R?,0)

=(f,0) = dimg = u(h,0).

(h)
e Let us suppose that j2f(0) ~ (z,%2,0).

If f~ Sf[ or B,f then as; # 0. After some calculations we take h = g + G, where
Fa212% — %a03y2)
and G has higher-order terms. Since the resultant of g is given by the expression
%agl(a%Q — ag1a93) and a?, — as1aps # 0 by hypothesis, we have that 0 is isolated in g~1(0) and

9(z,y) = (—a21x — a2y,
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it holds that
nr(fx,0) < pr(f,0) = pu(g,0) = 2.
By Lemma 5.1, X'D; is even for Sft and B,:f and, therefore, XD, = 0,2 .

If f ~ Sk>o, C’ki or F; then we reproduce the same steps as in previous case, taking an
apropriated g such that h = g + G satisfies the Corollary 5.2, getting after calculations the
desired results.

e Let us suppose now that j2f(0) ~ (z,zy,0). We take f ~ Hj, or Ps, depending on ag3 is
non-zero or zero, respectively. Since h = (P, Py, ), we take h = g + G, where

1 2 1 2
g(x,y) = | a12w + ao3y, T + 5703y
when f is of Hy, type, or g(z,y) = (a12z+ (%am —a12b3)y?, —%(1211‘2), when f is of P3 type with
ag1 # 0, or g(z,y) = (arex + (%a04 — a12b3)y?, (%a04 - %algbg)ys), when f is of P3 type with
a21 = 0, with G having higher-order terms. Since aj # 0 from hypothesis, and agq — 3a12b3 # 0
when f is of Ps type, which appear in the expression of the resultant of g, then we conclude
that h is semi-quasi-homogeneous and so, it follows that p(h,0) = u(g,0) = 2 if f ~ Hy, and
w(h,0) = u(g,0) =4 if f ~ P3 type. So, the result on X'D; follows from Lemma 5.1.
For the second part of the proposition, it is enough to use the relation

D1 —|—D2 - D3 = 21Dd7>(f,0) +W
(]
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